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The differential and variational calculus on the SLq{2,R) group is constructed. 
The spontaneous breaking symmetry in the WZNW model with SLq(2,R) quantum 
group symmetry and in the a-models with SLq{2, R)/Uh{l) ,Cq(2|0) quantum group 
symmetry is considered. The Lagrangian formalism over the quantum group manifolds 

[-C.^'. is discussed. The classical solution of C7g(2|0) cr-model is obtained. 

0\ " 

^ I 1. Diff'erential calculus on the SLq{2,R) group. 

The matrix quantum group [1] G = SLq{2,R) is defined by the q-commutation relations 

(D ■ (CR.) of its group parameters. Let 

C/0 ■ 



^ I a"^ ] ' a^a^ = qa^a^, a^a'^ = qa'^a^, a^a"^ = a'^a^ + {q — q~^)a'^a^ 
^ ! a'^ - hermitian, |g| = 1, DetqQ = a^a^ — qa'^a^ = 1. 

^ I For any elements g, g' G SLg{2, R) element g" = g'g will belong SLq{2, R) if a' = 

O I In the Gauss decomposition [2] 

O 



> 



X 



(1) 



a a 



P + V-V+P V-P ^ 



the C.R. are: 

P^± = q^±P, = ^V+V'- (3) 

Let the quantum group is a manifolds of any possible transformations g' = ggo. There 
are two kinds of the variation: the variation in the neighborhood of the arbitrary point of 
the group space g' = g + dg and variation in the neighborhood of the unit of the group 
5^ I g = l + 6g. First variation defines the group invariants: element of the distance between two 

neighboring points, element of the volume around the point. Second variation defines the 
group symmetry of this invariants. The C.R. between variation dg and g define the type of 
the differential calculus. The left-invariant differential calculus [3] on the GLq{2,C) group, 
matched with the differential calculi on the SLq{2, C) subgroup and on the Borel subgroups 
Bl{C), Bu{C), was constructed in [4,5]. Let uj = g^^dg is the left differential Kartan 1-form 



^ = \ 3 4 



TrqUJ = q^uj^ + uj^ = (4) 



The differential calculus on the SLq{2, R) group is defined by the C.R. 



The C.R. between the group parameters and their differentials are more complicated: 

dpp = ^pdp, d^+^+ = ^V+dip+ + (g^ - l)^ldip_ 
dip-ip- = q'^ip-dip-, dpip_ = q(p_dp 
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(6) 



dip-(f+ = q'^ip+dip-, dif+ip^ = -^ip-dip-^, dpdip- = —qdip-dp 
dip-dip^ = —q^dip^dip_, dip^p = ^pdip- 

df+P = \pd'^+ - q{q^ ~ l)^^prf^_, dp^+ = q^+dp - q^{q^ - l)<^\pd<p_ 
dpdip^ + qdip^dp + q^{q^ — l)(p'^d(p-dp — ^'^ (p+pd(p^d(p+ — 

The Kartan 1-forms are: 

uj^ = p~^dp + (p^d(p_, uu^ = -p^dipj^ — (f'ip\p'^dip_, up' = qp~^d(p_ (7) 

q 

{tu'y = {ujy = {iu'^y = co^^ -qW 

u^J^ + q^u?u^ = u^u? + q-^iJ'u^ = 

up-iJ" + q~'^(J'up- = 

The left vector fields can be obtained from the applying the left differential to an arbitrary 
function on the quantum group dj — {j-^^da^ — (/Vfejo;*^. 

V=(^^^^^j Vi = Vi-g2V4 V4 = Vi + V4 (8) 

The C.R. for vector fields have following form 

pVi = ^ Vip + p </?_ Vi = Vi(/?_ Vi = Vi</?+ 

pVs = iVaP </?-V3 = V3<^- <^+V3 = V3</?+ + qp'^ 

g'ViVs - ^V3Vi = {q^ + 1)V3, g'VsVi - = {q^ + 1)V2, V3V2 - ^V2V3 = Vi 

qz qz qz 

(10) 

and Vfc have the form 

- d _ 1 d o d n 0^2^ 9 _o 
Vi = ^p, V2 = — p - -K-^+p' + — V^+P , V3 = q^ — p 
op q Oif- op 0(p+ 0(p+ 

The left vector fields and the left derivatives act on the any function of the group parameters 
from the right side. 

2.WZNW model on the SLg{2,R) group. 

The existing of the quantum group structure in the WZNW model was shown in [6,7]. The 
(j-models with a quantum group symmetry was considered in [2,8,9,10]. To construct the 
WZNW model with SLq(2,R) group symmetry, we consider the space M^'^ ® SLq{2, R), 
where M^'^ is the commutative (undeformed) space. The element of the volume in M^'^ 
space,which is the invariant of SLg{2, R), is 

TrMd) A dz^Md) A dz^^] _ , ^ ,2 



2e^Pdz^ A dzP 



Trq{uj^u:^)d'z, (11) 



where uj{d) = uj^^dz^-, z^-eM^'^, p = 1,2. For any 2 x 2 matrix A,TrqA = q'^A^ + A^.As a 
result we have 

Tr,(a;X) = q'>[2]qp-%pd'^p + g^[2],p- V+(5^<^_aV + ^d^pd>^^_) + 



{d^if-d^^+ + q^d^^+d^^_) - q^q" - (12) 

The C.R. are now in the same space-time point , dp — d^pdz^, d(p± — dnip±dz^ and [n]q = 
n-. The Wess-Zumino term 



q-q 



Trg{u;{d)Au;{d)Au;{d)) = ^^^^e^-'^dx{p-'d^pd,ip-^+)dh (13) 

is the total derivative. Finally, the WZNW-action with the SLg{2,R) quantum group sym- 
metry describes the 2-dimensional relativistic string in the background gravity and antisym- 
metric fields 

S[p, (^_, <P+]^^I d^ziGABd^X^d^X'' + BABS^.ud^X^'d'X''), (14) 

where X"^ = {p,ip-,ip+) and the background gravity and antisymmetric fields have the 
following form: 



G 



AB 



g5[2],p-V+ -q'{q'- 1)^1 1 \ ,Bab^^^^-^^+P-' 



V g2 




The group symmetry of this model is SLq{2, R) ^ SLq{2, R), because under the left multipli- 
cation on the group g' = QqQ the differential forms of Kartan are invariant, u' = uj, and under 
the right multiplication g' = ggo the differential forms are covariant, uj' — go^ugo.But TvgA 
is invariant of the transformation A' — gQ^Ago, because the elements of matrix A commute 
with the elements of matrix go, by definition of the quantum group. Therefore, this model 
describes the spontaneous breaking of the SLg{2, R) SLg{2, R) symmetry to the SLq{2, R) 
one. 

3.(T-model on the SLq{2, R)/Uh{l) group. 

Let us consider the spontaneous breaking symmetry in the a— model with the 
SLq{2, R)/Uh{l) group symmetry. Let G — KH, K-coset, H-subgroup. 
The Kartan 1-forms 

k-'dk={ , ^^7 1=0; + ^, (15) 

where cueK, 9eH and the coset elements </7± commute with the subgroup parameter p and 
satisfy to C.R. of SLq{2, R) group among themselves. There is a questionrhow do coset and 
subgroup separate from k~^dkl In opposite to the classical case, there is the 3-parametric 
family of the U{1) subgroups. The Lagrangian has the following form: 



-Trqiuj.u^') = ^ 



Trqiuj^uj^ = il-^(a^<^_a^<^+ + q%^+d>^^_) - Cr,{q)^ld^^_d^^_, (16) 



where Cn{q) depends on the choice of a subgroup. There are three most interesting examples. 
l)Undeformed U{1) subgroup: ci = 
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The algebra symmetry of this Lagrangian is defined by the Maurer-Kartan equations: 



-2 



The CR. between the cosct and the subgroup forms are common for all of the examples 

(18) 



oj'^oj'^ + q'^oj'^uj^ = 0, u'^u^ + q'^tu^u'^ = 
(jjW + q^uj^cu^ = 0, (jj'^uj^ + q^uj^uj'^ = 



2) Classical coset structure: C2 



d9 — —ujuj, duj — —uj9 — 9uj, 9uj — (f'uj9 
3) There is one of the examples of the 2- parametric family Uq{l) subgroups: 

- - ( ^7^^^ ( I -e ) 

d9=-(^^^^ ° j a;a; + (g^ - 1)uj9, duj = - o)'^'^~ ?l2]ga;^, 9uj = q^uj9 

Why we have obtained different algebras of a symmetry for the same subgroup? That is 
possible because we can use the different map from the algebra to the group , for example: 

g = exp(v9_r+) exp(v9+r_) cxp(lnpr3), (21) 

where r are the Pauli matrices - the fundamental representation of the Uq{SL[2, R) alge- 
bra.The group stability of the vacuum is U{1). In the another parametrization 

(o^ — 1) inp., / 1 \ 

^ = exp(^_r+)cxp(^+r_)(l- ^^^^Vs)^^, V3 = f ^ 1 (22) 

the group stability of the vacuum is Uq{l). The group symmetry of this Lagrangians is 
SLg{2,R) spontaneously breaked to Uh{l), h = q^'^"-,n = 0,1.... Under the left multipli- 
cation on the group G' = G'oG',the differential form Q-^dG = H-\uj + 9)H = G'-^dC. 
Therefore, cu' + 9' — H'H~^{uj + 9)HH'~^ . Again, the decomposition on the coset and the 
subgroup forms is not unique after transformation . The group transformation can transform 
the Lagrangian with the C//u(l) subgroup of the vacuum stability to the Lagrangian with 
the f/ft2(l) subgroup. 

4.Variational calculus on the SLg{2,R) group. 

It is possible to obtain the variational calculus on the group by two ways: from the CR. 
between the left vector fields and group parameters and from the infinitesimal transforma- 
tions on the group. Let us multiply the CR. (8) between V„ and group parameters on the 
parameters of transformation i?". The form of the infinitesimal transformations of the group 
parameters is obtained under the requirement 

[X^,V„i?1=X^5^n, X^ = (p,(^_,(^+), [A,B]^AB-BA (23) 
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By imposing the C.R. between the parameters of infinitesimal transformations and group 
parameters 

pR^^qR'^p cp_R'^ = R^ip_ cp+R^ ^ R^cp+ (24) 
pR^ = qR^p cp^R^ = V+R^ = 

we obtain the infinitesimal transformation of the group parameters 

p6 = pR^ - ^+p^R^ = \p^R^ ip+6 = q^lp^R^ + qp-'^R^ (25) 

The same result we can obtain from the right infinitesimal multiplication on the group 
g' = ggo, where g'o = 1 + ^go- For 



5go=[ us .2ui] (26) 




we see, that dg = gSgo and C.R. for dg^ are the same as for left forms ui simultaneously with 
condition R^ — —q^R^. The C.R. of the variational calculus 

{p5)p = j^p{p5) iV-S)p = \p{v-5) {v+5)p = \p{^^5) - ^-^Mp^) 

{p6)^+ = ip+{pS) {ip-5)ip+ = ^+{^-6) = 

are consistent with the C.R. (3) and are simpler than the C.R. of the differential calculus 
(6). The Uq{SL{2, R)) algebra is the condition of the compatibility of the relations (25) 

X^{q'5n^5RS - q-'5ns5Ri = {q' + 1)5rs) 

X^q'Sn^Sn^ - q-'Sn^Sn^ = {q^ + 1)Sr.) (28) 

X^{Sr3Sr2 - q^SRiSRZ = 8ri) 

S.Equations of motion 

We use the extremum principle of the action to obtain the equations of motion and we must 
to commute the variations of fields and their derivatives on the right or on the left side. We 
can use both variation dX^ and 5X^ to do this. The C.R. of the difi'crcntial calculus on the 
SLq{2,R) group are insufficient to do this. Therefore, we need in the differential calculus 
on the Lagrangian manifolds (p, (fi±, p, (p±, p, (p±). This is not the quantum group manifold 
and we can not use the formalism of 1-forms. We can require, that the Lagrangian equation 
of motion be coincident with the conservation law d^uj^ = for Lagrangian with SLq{2, R) 
group symmetry. At last, we can investigate the 1- dimensional a- models. The variational 
calculus is more suitable to obtain the equations of motion. The C.R. between the X^, X^, 
X^ and i?", i?", i?" can obtain by differentiating the relations (24). 

pR^ = q^R^p pR^ = q^R^p pR^ = R^p 

pR^ = qR^p pR^ = qR'^p pR^ = qR^p (29) 
pR^ = qR^p pR^ = qR^p pR^ = qR^p 

The derivatives of (p± commute with the derivatives of i?". 

5. One dimensional a- model on the quantum plane (Cg(2|0). 

The differential calculus on the Cg(2|0) is coincide with the differential calculus on the Borel 
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subgroup of SLg{2,C) and can be obtained from the differential calculus on the SLg{2,C) 
by surjection: 7r:SLq{2,C) — > such that n{b) = 0. 

fx \ xy = qyx yy = q'^yy 
\ y x^^ y ' XX = q~'^xx xy = q~'^yx 

_ ( x-^dx \ ■ _ -1 ■ _ ((f - 1) • 

~ 1^ xdy - qydx -q^x'^dx j ' ~ ^ ^2 

In term of the variables p, (p± 

_( P \ _( p-'dp \ 

^ - U+p p-' [ y^^^ -I'p-'dp ) ^^^^ 

, 1^ . M^ + 1) -2.2 

L = ■^TrgiUf^uj") = p p 

The equation of motion uj^ = p^^ 'p — q^p^^fP' = will coincide with Lagrangian equation , if 
we impose the CR. 6pp = -^p5p. The classical solution of this equation is 

p = aexp(pt), a(3 = q^(3a (32) 

and C.R. 



p{t)p{t') = piqH')pi^^t), p{t)p{t') = eMq\q' - mt - t')W)p{t) (33) 



. There are 4x4 matrix representations of a, (3 such, that detqU = or detqf3 = 0. Therefore, 
we can rewrite this Lagrangian as a 4x4 matrix model for the commuting fields. In conclusion, 
note that 2-dimensional cr-model on the guantum plane 



p-~'d,,pd^p (34) 



2 

leads to the C.R. Spp = ^p5p and the equation of motion d^d^ p—q^ p^^d^pd^ p = 0, /i = 1, 2. 
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